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We establish a connection between the structure of a stationary 
symmetric a-stable random field (0 < a < 2) and ergodic theory 
of non-singular group actions, elaborating on a previous work by 
IRosiriskil (|200Ch . With the help of this connection, we study the ex- 
treme values of the field over increasing boxes. Depending on the 
ergodic theoretical and group theoretical structures of the underly- 
ing action, we observe different kinds of asymptotic behavior of this 
sequence of extreme values. 



1. Introduction. In this paper we study the structure of stationary 
symmetric a-stable discrete parameter non-Gaussian random fields. A ran- 
dom field {Xt} t( zid is called a symmetric a-stable (SaS) random field if for 
all ci, C2, • • • , Cfc 6 E, and, ti, t 2 , ■ ■ ■ , tk £ Ylj=i c j-^tj follows a symmetric 
a-stable distribution. In this paper we will concentrate on the non-Gaussian 
case, and hence, we will assume < a < 2, unless mentioned otherwise. For 
further reference on SaS distributions an d processes the reader is suggested 
to read Samorodnitsky and Taqqu ( 19941 ). A random field {X t } t€Z d is called 



stationary if 

(1.1) {X t } = {X t+s } forallseZ d . 

Stationarity means that the law of the random field is invariant under the 
action of the group of shift transformations on the index-parameter t 6 Z d . 

More generally, if (G, +) is a countable abelian group with identity ele- 
ment 0, then a random field {Xt}teG is called G-stationary if (II. lj) holds for 
all s £ G. Most of the structure results in this paper have immediate analogs 
for G-stationary fields. We will mention these briefly along the way. Even 
though our main interest lies with Z rf -indexed random fields, at a certain 
point in the paper a more general group structure will become important. 
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Our first task in this paper is to establish a conn ection between e rgodic 
theory of nonsingular Z d -actions (see Section 1.6 of Aaronson ( 19971 )) and 



SaS random fields. Using the language of the Hopf decomposition of non- 
si ngular flows a d ecomposition of stationary SaS processes was established 



m iRosihskil (jl995h . For a general d > 1 a similar decom position o f SaS ran- 
dom fields into independent components was given in IRosihskil (j2000h . We 



show the connection between this decomposition and ergodic theory. This 
is done in Section [3l using an approach different from the one-dimensional 
case, namely, without referring to the Chacon-Ornstein theorem, which is 
unavailable in the case d > 1. 

We use the connection with ergodic theory to study the rate of growth 
of the partial maxima sequence {M n } of the random field Xt as t runs over 
a d-dimensional hypercube of si ze with an increasing edge length n. In the 
case d = 1 it has been shown in S amorodnitsky ( 20041 ) that this rate drops 



from n 1 /" to something smaller as the flow generating the process changes 
from dissipative to conservative. One can argue that this phase transition 
qualifies as a transition between short and long memory. In this paper we 
establish a similar phase transition result for a general d > 1. 

In Section EJ we first discuss the asymptotic behavior of a certain deter- 
ministic sequence which controls the size of the partial maxima sequence 
{Mn}. The treatment here is different from the one-dimensional c ase due to 



unava ilability of Maharam extension theorem (see Theorem 2 in iMaharam 



m the case d > 1. In this section, we also calculate the rate of growth 



of partial maxima of the random field. We show that the rate of growth of 
M n is equal to n d l a if the group action has a nontrivial dissipative compo- 
nent, and is strictly smaller than that otherwise. 

We discuss connections with the group theoretical properties of the action 
in Section [5j For SaS random fields generated by conservative actions, we 
view the underlying action as a group of nonsingular transformations and 
study the algebraic structure of this group to get better estimates on the 
rate of growth of the partial maxima. Examples illustrating how the maxima 
of a random field can grow are discussed in Section [6l 

2. Some Ergodic Theory. The deta ils on the notion s introduced in 
this section can be found, for example, in Aaronson ( 19971 ) . Unless stated 



otherwise, the statements about sets (e.g. equality or disjointness of two 
sets) are understood as holding up to a set of measure zero with respect to 
the underlying measure. 

Suppose (S,S,fj>) is a <r-finite standard measure space and (G, +) is a 
countable group with identity element 0. A collection of measurable maps 
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(fit : S —> S, t G G is called a group action of G on S if 

1. (/>o is the identity map on S, and, 

2. = 4> u ° 4>v for all m, t> G G . 

A group action {<^f} ie G of G on 5 is called nonsingular if fi o (fi t ~ ^, for all 
i g G. 



A set G 5 is called a wandering set for the action {(fi t }t^G if {</>t(W) : 
t G G} i s a pairwise disjo int collection. The following result (see Proposition 
1.6.1 of lAaronsonl |l993)) gives a decomposition of 5 into two disjoint and 



invariant parts. 

Proposition 2.1. Suppose G is a countable group and {(fit} is a, nonsingular 
action of G on S. Then S = CUT* where C and T> are disjoint and invariant 
measurable sets such that 

1. T> = (fit(W*) for some wandering set W* , 

tec 

2. C has no wandering subset of positive measure. 

D is called the dissipative part, and C the conservative part of the action. 
The action {(fit} is called conservative if S = C and dissipative if S = T> . 

An action {(fit}t^G is free if fi({s G S : (fit(s) = s}) = for all i G G — {0}. 
Note that this definition makes sense because (S, S) is a standard Borel 
space and hence {s G S : (fit(s) = s} G S. The following result is a version 
of Halmos' Recurrence Theorem for a nonsingular action of a countable 
group. 

Proposition 2.2. Let {(fit} be a nonsingular action of a countable group G. 
If A G S and ACC, then 

I A ° (fit = oo a.e. on A. 

teG 

Proof. Define, 

F := {s G S : 3 1 G G, t / such that (fi t {s) = s} . 

Observe that F is {<^}-invariant. Restrict {(fit} to S — F. Let C\ be the 
conservative part of the restriction. It is easy to observe that A n F c C C\ 
for all A C C. Since the restricted action is free by Proposition 1.6.2 of 
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Aaronson (|l997l ) we have, 

I A 4>t > Iadf c <t>t = oo a.e. on A n F c . 



Clearly, 



teG 



t€G 



oo a.e. on ^4 n F. 



This completes the proof. 



□ 



Recall that the dual operator of a nonsingular transformation T on S is 
a linear operator T on L 1 (5', /x) such that 

/ f/.0d0 = J f.go Tdfi for all / G L 1 ( / u) and g G L°°{y) . 
Js Js 

In particular, if T is invertible, then 
d\i o T _1 



/or 1 for all / G L x (ji) 



see Section 1.3 in lAaronsonl (119971). T he following proposition is an extension 
of Theorem 1.6.3 of lAaronsonl ()1997l ) to not necessarily measure-preserving 
transformations, and can be establishe d using an argument parallel to that 
of Propositon 1.3.1 in lAaronsonl (|1997l ). 

Proposition 2.3. IfG is a countable group and {4>t} is a nonsingular action 
of G on S then for all / £ L 1 ^), / > 0, 

C = {seS:J2M(s) = oo}. 

teG 

The following is an immediate corollary, particularly suitable for our pur- 
poses. 

Corollary 2.4. If G is a countable group and {&} is a nonsingular action 
of G then 

E ^j^f ° & = °°] = c f° r dl f £ / > °- 



teG 



d/j, 



Note that, as mentioned earlier, the equalities of sets in Proposition 
and Corollary 12.41 above hold up to sets of /i- measure zero. 
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3. Stationary Symmetric Stable Random Fields. Suppose X = 
i Xt}+ c wd is a SaS random fie l d, < a < 2. We know from Theorem 13.1.2 
of Samorodnitsky and Taqqu ( 19941 ) that it has an integral representation 



of the from 

(3.1) X t = [ ft(s)M{ds), teZ d , 

Js 

where M is a SaS random measure on some standard Borel space (S, S) 
with ex-finite control measure ^ and ft € L a {S,n) for all t G Z, d . Note that 
ftS are deterministic functions and hence all the randomness of X is hidden 
in the random measure M, and, the inter-dependence of the X t 's is captured 
in {ft}- The representation (|3.1j) is called an integral representation of {^i}. 
Without loss of generality we can also assume that the family {ft} satisfies 
the full support assumption 

(3.2) Support (f t , t e Z d ) = S, 

because, if that is not the case, we can replace S by So = Support(/ 4 , t E Z d ) 
in (pTTj) . 

If, further, {Xt} is stationary, then the fact that the action of the group Z rf 
on {Xt} t £z<i by translation of indices preserves the law, and certian rigidity 
of spaces L a , a < 2 guarantees existence of intergr a l repr esentations of a 



special form. T his has been established in iRosihskil (|1995l ) for d = 1 and 



Rosihskil (|200d ) for a general d. Specifically, there always exists a represen- 



tation of the form 

(3.3) f t (s) = ct(s)( r^_lZi( s )) fofois), te 



{d(JLO<f> tl 



where, / € L a (S,/j,), {4>t}tez d is a nonsingular Z rf -action on (S, jj) and 
{°t}tez d 1S a measurable cocycle for {cf> t } taking values in {—1, +1} i.e. each 
Ct is a measurable map ct : S — > {—1, +1} such that Vii,u£Z li 

c u+v (s) = c v (s)c u ((j) v (s)) for /x-a.a. s G S. 

Conversely, if {ft} is of the form (|3.3f) then {X t } defined by A3. II) is a sta- 
tionary SaS ra ndom field. In pa rticular, every minimal representation of 
the process fsee lHardin .Trl (|l982h ) turns out to be of the form (I3.3I). 



We will say that a stationary SaS random field {X t } t£Z d is generated by 
a nonsingular Z d -action {(f> t } on (5, ji) if it has a integral representation of 



G 
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the form (|3.3p satisfying (|3.2I). With this ter minology, we have the following 



extension of Theorem 4.1 in lRosihski ( 19951 ) to random fields. 



Proposition 3.1. Suppose {A^} tgZ d is a stationary SaS random field gen- 
erated by a nonsingular action {(f>t} on (S,fi) and {ft} is given by (jff.ffl) . 
Also let, C andT> be the conservative and dissipative parts of{<pt}- Then we 
have, 

C = {s £ S : \ft( s )\ a = °°} m °d A 4 ) and, 
tez d 

V = {s £ S : \ ft(s)\ a < oo} mod p . 



In particular, if a stationary SaS random field {Xt} tf z%d is generated by a 
conservative (dissipative, resp.) Z d -action, then in any other integral repre- 
sentation of {X{\ of the form (Iff.ffp satisfying (lff.i?p . the "L d -action must be 
conservative (dissipative, resp.). Hence the classes of stationary SaS ran- 
dom fields generated by conservative and dissipative actions are disjoint. 



Proof. Define g as 

nl .s I = > rv.. — 

da 



u&, d 

where a u > for all u £ Z d and Yluei, d a u = 1- Clearly g £ L 1 and, by 
(|3.2p . g > a.e. u. Since 

E ° *w - z; wi/ ° *wi° = E i/<( s >i" 

te* 1 *ez d *ez d 

we can use Corollary 12.41 to establish the first part of the proposition, from 
which the second part of the proposition follow s by the same a rgument as 



in the one-dimensional case (see Theorem 4.1 in iRosihskil (jl995l )). □ 



As in the one-dimensional case, it follows that the test described in the 
previous proposition can be applied to any full support integral representa- 
tion of the process, not necessarily that of a specific form. 

Corollary 3.2. The stationary SaS random field {Xt} te %d is generated by a 
conservative (dissipative, resp.) % d -action if and only if for any (equivalently, 
some) integral representation (j3.jp of {Xt} satisfying (jg.^p . the sum 



tez d 



is infinite (finite, resp) fi-a.e. . 
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Proposition 13.11 also enables us to extend the connection between the 
structure of stati onary stable pr ocesses and ergodic theory of nonsingular 
actions (given in Rosihski ( 19951 )) to the case of stationary stable random 
fields. A decomposi tion of a stable random field into three independent 
parts is available in IRosihskil tod ). A connection with the conservative- 
dissipative decomposition is still missing in the case of random fields. Here 
we provide the missing link. Recall that a stable random field X is called a 
mixed moving average if it can be represented in the form 



(3.4) 



X 



WxZ d 



f(v,t + s)M(dv,ds) 



where / 6 L a (W x is® I), I is the counting measure on Z d , v is a cr-finite 
measure on a sta ndard Borel space (W , W), and the control measure \i of M 
equals v ® I (see ISurg ailis et alJ (|l993h and IRosihskil tod )). The following 
result gives two equivalent characterizations of stationary SaS random fields 
generated by dissipative actions. 

Theorem 3.3. Suppose {X t } t£ ^d is a stationary SaS random field. Then, 
the following are equivalent: 

1. {Xt} is generated by a dissipative % d -action. 

2. For any integral representation {ft} of {Xt} we have, 

i^( s )i Q < 00 f° r i x ' a - a - s - 



3. {Xt} is a mixed moving average. 

Proof. 1 and 2 are equivalent by C orollary 13.21 and, 2 and 3 are equivalent 
by Theorem 2.1 of Rosihski ( 2000l ). 

□ 



Theorem 13.31 allows us to describe the decomposit ion of a stationary SaS 
random field given in Theorem 3.7 of Rosihski ( 2000l ) in terms of the ergodic- 
theoretical properties of nonsingular Z rf -actions generating the field. The 
statement of the following coroll ary is an e xtens ion of the one-dimensional 
decomposition in Theorem 4.3 in IRosihskil ()1995l ) to random fields. 



Corollary 3.4. A stationary SaS random field X has a unique in law 
decomposition 



(3.5) 



Xt 



xt + x 



v 
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where X c and ~XP are two independent stationary SaS random fields such 
that ~K V is a mixed moving average, and X c is generated by a conservative 
action. 

As mentioned before, all of the structure results of this section extend im- 
mediately to G-stationary random fields for countable abelian groups G more 
general than The only place where an additional argument is needed is 
the equivalence of parts 2 and 3 in Theorem 13.31 with a G- mixed moving 
average defined by 



X = { / g(v, t + s) M(dv, ds) \ 
[JwxG J 



in not ation parallel to (|3.4p . This equivalence needs an extension of Theorem 
2.1 in iRosihskil hood ) to general countable abelian groups. See iRoyl (120071 ) 



for details of this extension which does not require any additional ideas to 
what is already in the original proof. 

As in the one-dimensional case, it is possible to think of stable random 
fields generated by conservative actions as having longer memory than those 
generated by dissipative actions, simply because a conservative action "keeps 
coming back" , and so the same values of the random measure M contribute 
to observations Xt far separated in t. From this point of view, the Z rf -action 
{4>t} is a parameter (though highly infinite-dimensional) of the stationary 
SaS random field {Xt} that determines, among others, the length of its 
memory. 

4. Maxima of Stable Random Fields. The length of memory of 
stable random fields is manifested, in particular, in the rate of growth of 
its extreme values. If Xt is generated by a conservative action, the extreme 
values tend to grow at a slower rate because longer memory prevents erratic 
changes in Xt e ven w hen t becomes "large". This has been formalized in 
Samorodnitsky (2Q0l) for d = 1, and it turns out to be the case for stable 



random fields as well. 

For a stationary SaS random field {At} tgZ <j, we will study the partial 
maxima sequence 

(4.1) M n : = max \X t \, n = 0,1,2,... 

0<*<(n-l)l 

where u = (u^\ u^ 2 \ . . . , < v = (v W, v &\ . . . , v ^) means «W < v ( l ) 
for all i = 1, 2, . . . , d and 1 = (1, 1, . . . , 1). As in the one-dimensional case, 
the asymptotic behavior of the maximum functional M n is related to the 
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deterministic sequence 

(4.2) b n := (f max \f t ( a )\ a fi(d3)) , n = 0, 1,2, . . . . 
\JS 0<t<(n-l)l y 

Note that 6 n is completely determined by the process, and does not depend 

on a p articular integral representation (see Corollary 4.4.6 of lSamorodnitskv and Taqqu 
JUS!)). We are interested in the features of this sequence that are related 
to the decomposition of a stable random field in Corollary 13.41 The next 
result shows that the sequence b n grows at a slower rate for random fields 
generated by a conservative action than for random fields generated by a 
dissipative action. 

Proposition 4.1. Let {f t } be given by (jg.gjl . Assume that <\3.2\f holds. 
1. If the action {4>t} is conservative then: 



(4.3) n- d l a b n -> asn 



oo. 



2. If the action {4>t} is dissipative, and the random field is given in the 
mixed moving average form < \3.4\) , then: 

(4.4) \\mn~ d / a b n = ([ (g(v)) a v(dv)) g(0,oo), 
n ^°° \Jw J 

where 



(4.5) g(v) = sup \ f(v,s)\ for v £ W. 

s&Z d 

Proof. 1. Firstly we observe that without loss of generality we can assume 
that fi is a probability measure. This is because if v is a probability measure 
equivalent to the c-finite measure \i then instead of (13. ip we will use 

X t = [ h t (s)N(ds) 
Js 

where, 

h t (s)=c t (s)(^^(s)\ °W t ( s ), t€Z d 

where h = f{^) l/a G L a {S,u) and is a SaS random measure on S with 
control measure v. 
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Since {b n } is an increasing sequence, it is enough to show (|4.3p along the 
odd subsequence. By stationarity of {X t }, we need to check that 



max|/ t ( S )|Xd S )^0 ; 



n ' (2n + l) d Js teJ, 

where J n := {(ii,i 2 ) ■ ■ ■ ,id) ■ ~n < h,i 2 , ■ ■ ■ ,id < n}. Let g = Then 
llsll := Is 9( s )^(^ s ) < 00 ' anc ^ we nave for < e < 1 



max (j>tg(s)fi(ds) 

(f) t g(s)l((f>tg(s) < e ^2 4>ug(s^j n(ds) 
ueJ n 

4>tg(s)i(ci>tg(s) > e ^ ^(cfe 



< 



(2n + l) d 7 5 tej: 
1 



(2n + 1) 



max 

5 ieJ„ 



max 

5 <eJ„ 



U&Jn 



Clearly, 
(4.6) 

and 
(4.7) 



(2n + 



4>ug(s)v(ds) = e\\g\ 



ai 2 )< 



(2n + 



where = {s : <fitg(s) > e^ueJ <Au5( s )} , 1 > M £ 4 ■ Notice that for 
all n > 1, and, for all f G J n , 



(4.8) 



<i>tg(s)lA t , n (s)n(ds) = / g(s)i"^-i (Atn) (s)/x(ds) 



The following is the most important step of this proof: if we define 
U n := {(ti,<2, . . . ,t<f) : -n + [v^ < *l, *2, • • • ,*d < n - [\/n]} 
then we have, 

(4.9) lim max fi(^ 1 (A t , n ))=0. 

n^oo te(7 n 
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nSJ„ ^ 



W£ Jn 



c{,: 5 ( S )> £ £ 5 o^( s) ^l( s) }. 



The last inclusion holds because J[^\ Q t + J n . Hence, for any M > 

max fi^t 1 (A t , n )) < fi{s : g{s) > eM} + fi( V] go ^ < M] 

teC/„ V, P r d ^ / 



Now (|4.9p follows by first using Proposition 13.11 with a fixed M and then 
letting M —> 00. 

From (US]) and (H~9l) it follows that 



(4.10) = - — -r V / g(s)u(ds) -»• . 

If we define = J n — C/ n , then 

Then using (|4.7p and (|4.10p we see that ai 2) -> as n — ► 00. Therefore we 
get, 

limsupa n < limsupa^ + limsupa^ < e\\g\\ , 
and, since e > is arbitrary, the result follows. 
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2. The argument here is similar to tha t used in the one-dimensional case 



in Theorem 3.1 of ISamorodnitskvl (|2004l ). One uses a direct computation to 



check the claim in the case where / has compact support, that is 

f{v,s)I Wx[ _ ml . ml]c (v,s) = for some m = 1,2, ... 

where [u, v] := {t £ 7L d : u < t < v}. The proof in the general case fol- 
lows then by approximating a general kernel / by a kernel with a compact 
support. 

□ 

Remark 4.2. The statement of the first part of the proposition clearly 
extends to G-stationary random fields for any free abelian group G of rank d, 
since the same is true for Proposition 13. 11 See the discussion after Corollary 
13^1 

We are now ready to investigate the rate of growth of the sequence {M n } 
of partial maxima of a stationary symmetric a-stable random field, < a < 
2. We will see that if such a random field has a nonzero component in 
(|3.5p generated by a dissipative action, then the partial maxima grow at the 
rate n d / a , while if the random field is generated by a conservative action, 
then the partial maxima grow at a slower rate. As we will see in the sequel, 
the actual rate of growth of the sequence {M n } in the conservative case, 
depends on a number of factors. The dependence on the group theoretical 
properties of the action is very prominent. We s tart w ith the following result, 



which extends Theorem 4.1 of ISamorodnitskvl (|2004l ) to d > 1. It is based on 



Proposition 14.11 and the argument is parallel to the one-dimensional case. 

Theorem 4.3. Let X = \Xt\t& d be o, stationary SaS random field, with 
< a < 2, integral representation l\3.1\i . and functions {ft} given by (Iff. 3D . 

1. Suppose that X is not generated by a conservative action (i.e. the com- 
ponent X v in (jff.5j) generated by the dissipative part is nonzero). Then 

(4.11) -jLm* C x J a K x Z a 



as n — > oo, where 



Kx= (g(v)) a v(dv, 



1/q 



and g is given by !\4-5\) for any representation of X v in the mixed moving av 



erage form (TO), C a is the stable tail constant (see (1.2.9) i mSamorodnitsku and Taqqit 
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mi)) and Z a is the standard Frechet-type extreme value random variable 



with the distribution 

P(Z a < z) = e~ z ~ a , z>0. 
2. Suppose that X is generated by a conservative U 1 " -action. Then 

(4.12) -i^M n -A 



n 



as n — > oo. Furthermore, with b n given by < \4-2ty , 

(4.13) | — M n 1 is not tight for any positive sequence c n = o(b n ), 



while 

, 1 v r 1, if < a < 1, 

(4.14) j — — M n I is where C, n = I L n , if a = 1, 

J [ (log re) 1 /"', i/ l<a<2, 

where L n := max(l, log log re), and for a > 1, a' is s-uc/t i/iai l/a + l/a' = 1. 

//, /or some > and c > 0, 

(4.15) b n > cn e for all re > 1, 
£/ten d^. i^p aoZds witt £ n = 1 for all < a < 2. 

Finally, for n = 1, 2, . . ., let ?? n 6e a probability measure on (S,S) with 

(4.16) ^H( s) = 6^ max | /t ( a )|« 

du 0<t<(n-l)l 

and Zei t/j , j = 1,2 6e independent S -valued random variables with com- 
mon law %. Suppose that l \4-15ty holds and for any e > 0, 

P( /or some t G [0, (re - 1)1], 



(4,7) , . >«,,.!,, 

max 0<«<(n-l)l 



as re — > cxd . Taen 



(4.18) ^M n C Q 1 / a Z Q 

On 



cis re — > oo. 
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Remark 4.4. An easily verifiable sufficient condition for (|4.17p is 

(4.19) lim J* = oo. 

n— *oo 77,"/ z " 

Alternatively, (|4.17p holds if we assume that \i is a finite measure, {<^ t } 
is measure preserving, the sequence {b~ a max <«( n _i)i \ ft(s)\ a }, t G Z d is 
uniformly integrable with respect to [i and, for every e > 

(4.20) lim n d ' 2 ^{s G 5 : |/(s)| > efr n } = . 

n— >oo 

The arguments are the same as in the case d = 1. 

5. Connections with Group Theory. When the underlying action is 
not conservative Theorem 14 . 3 1 yields the exact rate of growth of M n . For con- 
servative actions, however, the actual rate of growth of the partial maxima 
depends on further properties of the action. In this section we investigate 
the effect of the group theoretic structure of the action on the rate of growth 
of the partial maximum. We start with introducing the appropriate notation. 

Consider A := {<j) t : t G Z d } as a subgroup of the group of invertible 
nonsingular transformations on (S, (i) and define a group homomorphism 

<I> : Z d -> A 

by = <f) t for all t G Z d . Let K := Ker{<$>) = {t G Z d : fa = l s }, where 
Is denote the identity map on S. Then K is a free abelia n grou p and by first 



isomorphism theorem of groups (see, for example, iLangl (120021 )) we have, 

A ~ Z d /K . 



Hence by Theorem 8.5 in Chapter I of ILangl (|2002h we get, 



A = F®N 

where F is a free abelian group and TV is a finite group. Assume rank(F) = 
p > 1 and \N\ = I. Since F is free, there exists an injective group homomor- 
phism 

* : F -> Z d 

such that ^ o ^ = lp. Let F = ty(F). Then F is a free subgroup of Z rf of 
rank p. 

The rank p is the effective dimension of the random field, giving more 
precise information on the rate of growth of the partial maximum than the 
nominal dimension d. We start with showing that this is true for the sequence 
{b n } in flOJ. 



STABLE RANDOM FIELDS 



15 



Proposition 5.1. Let {ft} be given by <\3.Sty . Assume that <\3.2h holds. Then 
we have the following: 

1. If {4>t}t£F is conservative then 

(5.1) n- p ' a b n ^Q. 

2. If {(j>t}t€F is dissipative then 

(5.2) n~ p / a b n -» a 

for some a 6 (0, oo). 

Proof. 1. It is easy to check that F n K = {0} and hence the sum F + K is 
direct. Suppose G = F ® K . Using group isomorphism theorems we have, 

Z d /G ~ (Z d /-^) /(i 7 © — -A/F — N ■ 

Assume that x\ + G, X2 + G, ... , + G are all the cosets of G in Let 
rank(K) = q. Choose a basis {ui, 1/2, . . . , it p } of F and a basis V2, ■ ■ ■ , v q } 
of K. We need the following 

Lemma 5.2. There are positive integers c, d, and, N such that for every 
n> N 

i i 
(5.3) |J (x k + G [n/d[ ) C [-nl,nl] C [J (x fc + G cn ) 

k=l k=l 

where for m > 1 

p 9 

G m := aiUi + ^ 0jVj : \ai\, \(3j\ < m for all i,j} . 
i=l j=l 

Proof. Let r = p + q. For ease of notation we define 



Wi 



Ui 1 < i < p , 

Ui_p p + 1 < i < r . 



Then {wi, it?2, • • • , w r } is a basis for G. The first inclusion in (|5.3|) is obvious. 
To establish the second inclusion we first prove 

Step 1. There is an integer d > 1 such that 

[— nl, nl] n G C G c / n for all n > 1 . 
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Proof of Step 1. Take y G [— nl,nl]n G. Then, y = r)\W\ + 772^2 + ' • - + r] r w r 
for some rji,r]2, ■ ■ ■ ,Tj r G Z. We have to show |?7j| < c'n for all 1 < i < r 
for some d > 1 that does not depend on ?i. Let := (771, 772, ... , n r ) G Z r . 
Then, 

(5.4) y = Wrj 

where, W is the d x r matrix with Wi as the i th column. The columns of W 
are linearly independent over Z and hence over R. Hence there is a r x d 
matrix Z such that 

ZW = I 

where / is the identity matrix of order r. Hence from (|5.4p we have, 

rj= Zy. 

For all 1 < i < r we get, 

— \\v\\ — \\Z\\\\y\\ — \\Z\\nVd < cn 
where, d = [\\Z\\Vd\ + 1. This proves Step 1. 



Step 2. Let 



M = max [Ixfclloo + 1 
l<k<l 



where || • ||oo denotes the sup-norm on R d , and c = c'M. Then for all n > 1 
we have, 

[-nl, nl] C (J (aijfc + G cn ) . 

k=l 

Proof of Step 2. Take y G [— nl, nl]. Then y G Xfc + G for some 1 < ko < I- 
Clearly, y' := y - x ko G [-(n + M - 1)1, (n + M - 1)1] n G. By Step 1, 
y' G Gv( n+M _!) C G cn , and hence, y G x fco + G cn C Ul=i( :c fc + G cn ), 
proving Step 2 and the lemma. 

□ 

For = 1,... , Het 



9k = f 4>x 



d\x o <j> X k \ 1/a 
dfj, 
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Then for t = Xk + Yli=i a i u i + Ylj=i Pj v j we have 

(5-5) |/ t (,)| = |^ ELltw (s)|( ff^OOj 

By stationarity, Lemma 15.21 and (|5.5p we have, for all n> N, 
K < = / max ^ |/ t ( S )|Xd S ) 



-nl<t<ral 

/" / dflO (f>J2 P _ OLiUi \ 

< / max max \ \g k o 4>^ P a . u .(s)\ a , (s) )u(ds) 

J S l<k<l \ai\<cn \ ' d/i ' 

= o(n p ). 

The last step follows from Proposition 14. II and Remark 14, 2 [ 



2. Pro of of this part is similar to the proof of Theorem 3.1 in I S amorodnitskv 



(2004). We start this proof with the following combinatorial fact: 



Lemma 5.3. For n > 1 and k = 1, 2, . . . , I, let 

Fk,n = { u £ x k + F '■ there exists v S K such that u + dG [— nl, nl]} . 
Then there is a positive real number V such that for all k = 1,2, ... ,1, 

(5.6) lim = V . 

Here \A\ stands for the cardinality of a set A. 
Proof. One of F^^ is the set 

F„ = {j £ J 7 : there exists v S K such that y + v £ [—nl, nl]} ■ 

Firstly, we will show 

(5.7) lim ^ = V 

for some V > 0. To show this let W be the matrix used in the proof of 
Lemma 15.21 We can partition W into two submatrices as follows: 

W = [U\V] 
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where, U is the d x p matrix whose i th column is tt, and, V is the d x q matrix 
whose j th column is Vj. Since the columns of U are linearly independent over 
Z, we have, 

|F n | = \{a G IP : there exists f3 G such that ||Z7a + V/3||oo < n}| . 

Let P := {i £ I r : ||^||oo < 1} and vr : W -> MP denote the projection 
map on the first p coordinates: 

ir(xi,X 2 , ■ ■ ■ , X r ) = (XI, X 2 , ■ ■ ■ , X p ) . 

Then we have, 

\F n \ |7r(Z r n nP)\ 

- =■ a n . 



Let 

\ZPnnir(P)\ 

TIP 

Clearly, a n < b n . Since P is a rational polytope (i.e. a polytope whose ver- 



tices h ave rational coordinates) so is vr(P). Hence, by Theorem 1 of lDe Loera 
(|2005h . it follows that 

(5.8) limsupa n < lim b n = V 

n — >oo n *°° 

where V = Volume(ir(P)), the p-dimensional volume of tt(P). This volume 
is positive since the latter set, obviously, contains a small ball centered at 
the origin. For the other inequality we let 



P m := < x £ W : WWxWco < 1 



\W\ 



oo 



m 

where || W||oo := sup^Q G Z since W is a matrix with integer entries. 

Hence for all m > ||W||oo, Pm is a rational polytope of dimension r. Also, 
P m | P- Now fix m > ||W||oo. Observe that 

y G M. r : \\y - xlU <-)cP for all x G P m . 
m J 

Hence, it follows that for all n > m, 

vr (-17 n P J D -Z p n vr(P m ) , 
V n In 



which, along with Theorem 1 of lDe Loeral (|2005l ). implies 
(5.9) liminf a n > lim \ W ^ n < P ™)\ = Vm 

n— >oo n— >oo 
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where V m = Volume(ir(P m )) is, once again, the p-dimensional volume. Since 
P m T P, it follows that V m f V. Hence §5J$ follows from (JSIED and (|5\9]) . 

Now fix A; = 1, 2, . . . , I and let M = \\xk\\- Observe that for all n > M, 

\Fn-M\ < l^fc,n| < |-^n+Af| • 

Hence (I5.6j) follows from (15. T$) . 

□ 

We now return to the proof of the second part of the proposition. We give 
a group structure to 

l 

(5.10) H:=\J(x k + F) 

k=i 

as follows. For all u\,U2 £ H, there exists unique u 6 H such that (ui + 
U2) — u £ K. We define this to be u\ © U2. It is not hard to check that 
(H,(B) is a countable abelian group. In fact, H ~ Z d /K. We can define a 
nonsingular group action {if) u } of H on S" as 

= for all n € . 

Notice that if h £ L l (S, [i),h > 0, then, since (|5.10j) is a disjoint union, 

(5.11) 2^ rf> . ho^ u = ^——ho ( j )t , 
ueH afX teF a ^ 

where, 

Clearly /i € L 1 («S I , /i) and /i > 0. Hence using Corollary 12.41 and the dissi- 
pativity of {<l>t}teF, we see that the second sum in (|5.11|) is finite almost 
everywhere. Another appeal to Corollary 12.41 shows that {ipu}u&H is a dissi- 
pative group action. 

Define a random field {Y u } u ^h as 

(5.12) Y u = [ f u (s)M(ds), ueH, 

Js 

where, 

r f 1 ( dnoipu \ 1/a _ „ 
Ju = J °iPu I — — I u £ H. 
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Clearly {Y u } u ^h is an //-stationary SaS random field generated by the 
dissipative action {ip u }ueH- Hence there is a standard Borel space (W, W) 
with a ex-finite measure v on it such that 

Yu= / g{w,u® s) N(dw,ds) u£H, 
JwxH 

for some g G L a (W x H,v®r), where r is the counting measure on H, and, 
N is a SaS random measure on W x H with control measure v ® r (see the 
discussion following Corollary 13,41 ) 
Let, for all w G W, 

(5.13) 5* (to) := sup |</(t£>,u)| ■ 

Then, clearly, 5* G L a (Vt-». We will show that ([O]) holds with 

(5.14) a := Jj,g* {w^d^w)^ G (0,oo). 
Since 6 n is an increasing sequence, it is enough to show 

(5.15) lim hn+1 . =a. 

n-00 (2n + 1)P /« 

Let iJ n := Ui=i Fk,n- Then by stationarity of {X t } te %d we have, for all 
n > 1, 



= / max |/t(s)|>(ds 



max |/ u (s)| a //(ds) 

5 US-H™ 



(5.16) = V/ n« W «,,. ffl »)|M«to) 



The la st equality follows from Corollary 4.4.6 of ISamorodnitskv and Taqqu 
(119941 1. We define a map N : H -► {0, 1, . . .} as, 

iV(w) := min{||ii + i> : t> G K} . 

Clearly, for all u G H, 

(5.17) A^u" 1 ) = N(u) , 
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where, u~ l is the inverse of u in H. Also, N(-) satisfies the following "triangle 
inequality": for all Ui,U2 G H, 

(5.18) N(ui ffi tt 2 ) < N{m) + N(u 2 ) . 

Observe that H n = {u G H : N(u) < n}. From Lemma 15.21 we have H n 's 
are finite and Lemma 15.31 yields 

(5.19) \H n \~Vln p . 



Also, clearly, H n f fl". As in the proof of Theorem 3.1 of ISamorodnitsky 



(J200J), we first assume has compact support, i.e. g(w,u)I\yxH c (w,u) = 



for some m > 1. Then using (|5.17j) and (15.18h . the expression in (15.161) 
becomes 



°2n+l 



„ Jw U&H " 

n-\-m 

£ / mas| 9 K sa) „)|<V(<H 

} / max Igfiu, s © u)| Q i/(dt(;) =: ^4 n + B n 



S £ H-n — m 

+ 



s£H n+m nH°_ _ 

for all n > m. Using (|5.17|) and (j5. 18j) once again, we have, for all s G iJ n _ m , 

max | ^(tu, s © it) | = g* (w) . 

u&H„ 

Hence, using (|5.19p . we get, 

A n = \H n . m \ [ (g*(w)) a v(dw)~a a (2n + iy, 



while 

B n < 



{\H n+m \ - \H n _ m \) [ (g*(w)) a is(dw) = o(nP) . 
Jw 

Hence, (|5.15p follows for g having compact support. The proof in the general 
case follows by approximating a general kernel g by a kernel with a co mpact 
support as done in the proof of Theorem 3.1 in Samorodnitskv ( 20041 ). This 



completes the proof of the proposition. □ 

The following result sharpens the the description of the asymptotic be- 
haviour of the partial maxima of a random field given in Theorem 14.31 It 
reduces to the latter result if K = 0. 
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Theorem 5.4. Let X = {Xt} t&Ii d be a stationary SaS random field, with 
< a < 2, integral representation (j3.jp . and functions {ft} given by 
Then, in the terminology introduced in this section, we have the following: 

1. If {4>t}teF is not conservative then 



(5.20) 



li- 



p/a 



M n ^cZ a 



for some c G (0, oo), and Z a as in l\4- In fact, 



(VIC, 



2p 



w 



(g*(w)) a dv(w) 



l/a 



where V is given by (|5.6p . while g* is given by applied to the dissipa- 

tive part of the random field (|5.12p , and C a is as in l \4- 1 1\) ■ 



2. If {4>t}teF is conservative then 
(5.21) 



p/a 



Proof. 1. Let r n be the left hand side of (|4.17p . Then we have 

\fu(Uf)\ 



< Pi for some u E H n , 



(5.22) 



< \H n 



\f{s)\ a n{ds\ 



>e, j = 1,2 



The inequality ( 5.2211 follows using the argument given in Remark 4.2 of 
Samorodnitskvl (|2004l ). Since {cj)t\t&F is not conservative, Proposition 15.11 



yields that b n satisfies (I5.2jl . Hence by (I5.19P we get that (I4.17P holds in 
this case. Since b n satisfies (|5.2p with a given by (|5.14p . we get (|5.20p by 
Theorem \~ 



2. As in the proof of (4.3) in Samorodnitsky ( 20041 ) we can get a stationary 
SaS random field Y generated by a conservative Z d -action such that b% 
satisfies (|4.15p as well as (|5.ip (this is possible, for instance, by Example 16. II 
below). Therefo re. (I5.2ip follow s using the exact same argument as in the 
proof of (4.3) in ISamorodnitskvi (|2004l ), □ 

Remark 5.5. The previous discussion asssumes that p > 1. When p = 
(i.e. when Z, d /K is a finite group) the random field takes only finitely many 
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different values. Therefore, the sequence M n remains constant after some 
stage and so converges to the maximum of finitely many AVs, not an extreme 
value random variable. 

6. Examples. In this section we consider several examples of station- 
ary SaS random fields associ ated with conservative flows. As in the one- 
dimensional case considered in Samorodnitsky ( 20041 ) . the idea is to exhibit 



a variety of possible in this case behaviour. 



The fi rst example is parallel to examples 5.1 and 5.4 in ISamorodnitskv 
(|2004h . 



Example 6.1. Let the random field have an integral representation of the 
form 

(6.1) X t = [ gtdM, t£Z d 

where M is a SaS random measure on IR zd whose control measure [i is 
a probability measure under which the projections (gt, t G Z, d ) are i.i.d. 
random variables, with a finite absolute ath moment. 

If (gt, t € 1i d ) are i.i.d. standard normal random variables under fi, then, 
as in the one-dimensional case, one sees that 

b%~(2dlogn) a / 2 , 

the assumption (|4.15p in Theorem 14 . 31 fails . and 6~ 1 M n converges to a nonex- 
treme value limit. See also Remark 15.51 above. 

On the other hand, if, under fj,, (g t , t E 7, d ) are i.i.d. positive Pareto 
random variables with 

n(go > x) = x~ e for x > 1 
for some 9 > a, then as in the one-dimensional case we see that 

i l/a die 

"n ~ c q e n as n ^ oo, 

for some finite positive constant Cp$, Theorem 14.31 applies, and n~ d ^ 9 M n 
converges to an extreme value distribution and hence this example also shows 
that the rate of growth of M n can be n 7 for any 7 € (0,d/a). Note that 
existence of such a process was needed in the proof of (|5.2ip in Theorem 



Next is an example of an application of Theorem [57 



24 



P. ROY AND G. SAMORODNITSKY 



Example 6.2. Suppose d = 3, and define the Z 3 -action {<fiuj,k)} on 5 = 
R x {-1, 1} as 

4>{i,j,k){x,y) = (x + i + 2j,(-l) k y) . 

An action-invariant measure /i on S is defined as the product of the Lebesgue 
measure on R and the counting measure on { — 1, 1}. 

Take any / G L a (S) and define a stationary SctS* random field {X^j ^} 
as follows 

x (i,i,fe) = / f{<t>(i,j,k){x,y))dM(x,y), 

JMx{-l,l} 

where M is a 5"a5 random measure on 1 x {- 1,1} with control measure \x. 
Note that the above representation of {Xu^^} is of the form (|3.3p generated 
by a measure preserving conservative action with cuj^ = 1. 
In the notation of Section [5] we have 

K = {(i, j, k) £Z 3 : i + 2j = and ft is even} , 

and so 

A ~ I?/K ~ Z x Z/2Z, 

and 

F = {(i,0,0) : i G Z}. 

In particular p = 1 and {(^t}feF is dissipative. Hence Theorem 15.41 applies 
and says that ^j^M n converges to an extreme value distribution. 

In all the examples we have seen so far, the action has a conservative 
direction i.e there is u G Z d — {0} such that {4>nu}nez is a conservative 
Z-action. The following example of a Z 2 -action, suggested to us by M.G. 
Nadkarni, lacks such a conservative direction. In a sense, this example is 
"less one-dimensional" than the previous examples. 

Example 6.3. Suppose that d = 2, and define the action {<^(jj)}i,jeZ of Z 2 
on 5 = K with [i = Leb by 

4>{ij) (x) = x + i + jV2, Vi£K. 

Clearly, this action is measure preserving and it does not have any conser- 
vative direction. It is, however, well known that this action does not admit 
a wandering set of positive Lebesgue measure, and hence is conservative. In 
fact, if we take the kernel / = Ir 0| i] and define {X^j^} by (|3.ip and (|3.3j) 
with, say, cua = 1, then we have, for all n > 2, 
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So, b n ~ (1 + \/2) l / a n l / a and, a simple calculation shows that left hand 
side of (|4.17p is bounded from above by b~ 2a (fj, (8) fi)(B n ) where 

B n = {{x,y) £l 2 : -( n -l)(l + V2) <x,y< 1, |x - y| < 1} . 

Since (/j (g> ^){B n ) = 0(n), (|4.17p holds and hence 

-^-M n ^ ((l + V2)C a ) 1/a Z a . 
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